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A GENERAL STATEMENT OF THE FUNCTIONAL
EQUATION FOR THE RIEMANN ZETA-FUNCTION
LUIS BA´EZ-DUARTE
1. Introduction
This is a completely formal exposition. All lemmas and theorems are valid
for sufficiently large, dense subspaces of H := L2((0,∞), dx). We borrow
in toto the notations from my paper on invariant unitary operators [1]. We
denote the Mellin transform of f by
f∧(s) :=
∫ ∞
0
xs−1f(x)dx,
which is at least defined on the critical line as a Cauchy principal value in
the H-sense.
Following Burnol [3] denote the Mu¨ntz-modified Poisson summation op-
erator by P , which acts formally on the set of all complex functions f on
(0,∞) according to
Pf(x) :=
∞∑
n=1
f(nx)−
1
x
∫ ∞
0
f(t)dt.
The following lemma is obvious:
Lemma 1.1. For any invariant operator W we have PW = WP .
We take for granted the following facts which apply symultaneously to any
good function f ∈ H.
Lemma 1.2 (Mu¨ntz’s formula).
(Pf)∧(s) = ζ(s)f∧(s),
Lemma 1.3.
(Sf)∧(s) = f∧(1− s).
Lemma 1.4.
(Cf)∧(s) = φ(s)f∧(1− s),
where
φ(s) := 21−spi−s cos
pis
2
Γ(s).
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2. General statements of the functional equation
We recall Theorem 2.1 of [1]:
Theorem 2.1. For any skew root T , and any real-valued generator g there
is a unique, bounded, invariant operator W = W(T, g) with Wg = Tg. W
is unitary and satisfies (TW )2 = (WT )2 = I, W−1 = TWT .
Why call the following triviality a “theorem” is a question left to the
reader. Do note that the operator W depends explicitly on f .
Theorem 2.2 (Main identity). Let f be good and suppose that Pf is a real
valued generator. Let T be a skew root and W = W(T, Pf). Then
TPf = PWf.
Proof. Use Theorem 2.1 and the commutativity Lemma 1.1.
We specialize the main identity to give two general statements of the
functional equation of the Riemann zeta function.
Theorem 2.3 (Functional equation I). Let f be good and suppose that Pf
is a real valued generator. Let W = W(S,Pf) and h = Wf . Then
ζ(1− s)f∧(1− s) = ζ(s)h∧(s).(2.1)
Proof. The main identity is now SPf = Ph, where we apply the Mellin
transform using Lemmas 1.2, 1.3.
Theorem 2.4 (Functional equation II). Let f be good and suppose that Pf
is a real valued generator. Let W = W(C, Pf) and h = Wf . Then
ζ(1− s)φ(s)f∧(1− s) = ζ(s)h∧(s).(2.2)
Proof. The main identity is now CPf = Ph, where we apply the Mellin
transform using Lemmas 1.2, 1.4.
For an application of Theorem 2.3 choose f = χ, then Pf(x) = −ρ(1/x)
and W = U , so that
h(x) =
sin(2pix)
pix
.
Therefore
f∧(s) =
1
s
, h∧(s) = −21−spi−s cos
pis
2
Γ(s− 1),
so (2.1) expresses the functional equation as
ζ(1− s)
1− s
= −21−spis cos
pis
2
Γ(s− 1)ζ(s).
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I don’t yet have a genuine application of Theorem 2.4. However let as
usual M(x) :=
∑
n≤x µ(n), and choose
f(x) := M(1/x).
I have shown in [2] that this f 6∈ H; on the other hand note that Pf = χ.
So again W = W(C, Pf) = W(C, χ) = U . If one blithely insists on applying
the theorem one obtains an intriguing equation from (2.2).
Remark 2.1. Quite frankly I am chagrined that I have not been included
other genuine examples. More important perhaps is this question: how
does this relate to Burnol’s view of the functional equation in [3]?
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